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λ
θsin2== ss

Inhomogeneous Density Distribution Over Large Distance (nm scale)

s = 1/D  (or q = 2π / D)  (Å-1)
s = 0.001 - 0.1 Å-1 D (10~ 1000 Å)
2θ = 0.008-8, λ = 1.542 Å

Scattering at Low AnglesScattering at Low Angles

- Morphological information of multiphase system:   
Domain (Particle) Size, Distribution, Surface 
Area, Interface Thickness

- Density Fluctuation
- Supramolecular Ordered Structure (nanometer scale)
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Model of two phase system (A) and electron density distribution 
follow up line a-b (B). 

Two Phase System
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All produces identical Iobs
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Correlation Function and Patterson Function Correlation Function and Patterson Function Correlation Function and Patterson Function 
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Pair Distance Distribution Function (PDDF)    P(r) = r2 γ(r)
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Integration of Intensity
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Integration of intensity  =
average density difference * scattering volume

InvariantInvariant



Polymer Structural Physics Lab.

ρ
ρ

( )r
inside

outside
=

⎧
⎨
⎩

⎫
⎬
⎭0

u r+

r
u

γ

γ

( )

( ) ( )

r r R

r r
R

r
R

= >

= − +

0 2

1 3
4

1
16

3

             

u u r+and 

ru + (outside the particle): 0)( =rγ

(inside the particle): 1)( =rγ

Correlation function of sphere 
of radius R

γ depending on particle shape and size, 
representing the probability of finding of a point u + r within the particle
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P(r) = r2γ(r)

Pair Distance Distribution Function

Probability finding scattering elements separated by r 
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Particle Scattering (single particle)

I s( )

{ } 2)()()(*)()( sFrrsI 2
0obs ρρηη −=−ℑ=

( ) ( ) )())( r  r(= r o0 σρρρρη −=−

{ } )()()()()(

ParticlesSphericalFor

srsf oo ρρσρρ F−=−ℑ=

)r(
ρ

ρ )(sf ρ

)r(Q
ρ

)s(I
ρ

ℑ

ℑ

factor form  
outside   
inside     

r
⎭
⎬
⎫

⎩
⎨
⎧
0
1

)(σ

⎥
⎦

⎤
⎢
⎣

⎡ −
−

=

2
32

0

obs

Rs2
Rs2cos rs2sR2sin3R

3
4

sI

)(
)()()(

)(

π
ππππρρ



Polymer Structural Physics Lab.

Particle Scattering Pattern and PDDF

F2(q)
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1 for dilute solution

p p

Form Structure
Factor Factor

I N P q S q

S q

ρ= Δ

≈

F2 2

convolution

Particle Scattering 
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PS(12k)-b-PVP(11.8k) solutions in toluene
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Guinier Approximation
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Guinier plot of cellulose nitrate 
in acetone solution of 0.5 %. 
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Applicable only at very small angles
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Porod Law (for high scattering angle, Porod region)
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A is surface area of the particle

For spherical particle

Satisfies regardless of particle shape, size and concentration
Surface area A can be obtained from the plot of  s vs. sIs obs
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Polymer Crystals (lamellae)
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Correlation and Interface Distribution 
Functions Analysis on Lamellar Structure

Correlation and Interface Distribution 
Functions Analysis on Lamellar Structure

Examples of various arbitrary model
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Ideal Two Phase ModelIdeal Two Phase ModelIdeal Two Phase Model
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lc=100Å, la=30Å, finite no. of lamellae in the stack is 20
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ρ(r)
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lc=100Å, la=30Å, li=12Å

The ideal two phase model with a finite crystal amorphous transition zone

Model With Interface (I)Model With Interface (I)Model With Interface (I)
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Model With Interface (II)Model With Interface (II)Model With Interface (II)
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Primary Lamellar Stack Primary Lamellar Stack

Secondary Lamellar Stack

Dual Lamellar Stack ModelDual Lamellar Stack ModelDual Lamellar Stack Model

Stack 1   lc=90Å, wc=10Å, la=25Å, wa=10Å, li=15Å, wi=1Å

Stack 2    lc=60Å, wc=10Å, la=25Å, wa=10Å, li=15Å, wi=1Å
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ExamplesExamplesExamples

Correlation function Interface distribution function
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Nanostructures



Polymer Structural Physics Lab.

0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14 0.16
10

100

1000

10000

6s5s4s
3s

2s

1S=0.0217  (46 angstroms)
Lo

g 
In

te
ns

ity
 (a

.u
.)

s

Lamella

λ
θsin2

=s



Polymer Structural Physics Lab.

0.00 0.05 0.10 0.15 0.20 0.25 0.30
10

100

1000

10000

roots7s

roots3s

1s=0.0201(49.75 angstroms)
Lo

g 
In

te
ns

ity
 (a

.u
.)

s

Hexagonal cylinder



Polymer Structural Physics Lab.

*)(xZ *)(xZ *)(xZ *)(xZ*)()( xZx =ρ
Aρ*)()( xZx =ρ
Aρ

{ }2)()( xsI ρℑ=

)()( ndxxZ
n

−≡ ∑
+∞

−∞=

δ dd

d
s 1sin2

==
λ

θπ

{ } { }
{ } { }

)()(
)()(

)()()(

)()()(

SZSF
xZx

xZxx

xZxx

A

A

A

⋅=
ℑ⋅ℑ=

∗ℑ=ℑ

∗=

ρ

ρρ

ρρ

d
Aρ Aρ

Aρ

d
Aρd
Aρ AρAρ

AρAρ

Mathematical treatment of X-ray scattering



Polymer Structural Physics Lab.

(100))(xZ

(110)

(100))(xZ

(110)

)}({)( xZSZ ℑ=

     

0
I

L
1~d

1

s

     

0
I

L
1~d

1

s

L

AρAρ

Aρ

 

s

 

s

)}({)( xSF Aρℑ=

)()( SFSZ ⋅

0

 

 

 

 

 

I

d
1

)()( SFSZ ⋅

0

 

 

 

 

 

I

d
1

)(xZ

d



Polymer Structural Physics Lab.

0.062361

0.060093

0.055277

0.052705

0.05

0.057735

0.05

0.04714

0.040825

0.037268

0.033333

0.028868

0.02357

0.016667

s

16.04 √140.00389123

16.64 √130.00361023

18.09 √110.00306113

18.97 √100.00278013

20.00 √90.0025003

17.32 √120.00333222

20.00 √90.0025122

21.21 √80.00222022

24.49 √60.00167112

26.83 √50.00139012

30.00 √40.00111002

34.64 √38.33E-04111

42.43 √25.56E-04011

60.00 12.78E-04001

dorders2lkh

0.062361

0.060093

0.055277

0.052705

0.05

0.057735

0.05

0.04714

0.040825

0.037268

0.033333

0.028868

0.02357

0.016667

s

16.04 √140.00389123

16.64 √130.00361023

18.09 √110.00306113

18.97 √100.00278013

20.00 √90.0025003

17.32 √120.00333222

20.00 √90.0025122

21.21 √80.00222022

24.49 √60.00167112

26.83 √50.00139012

30.00 √40.00111002

34.64 √38.33E-04111

42.43 √25.56E-04011

60.00 12.78E-04001

dorders2lkh

Sphere cubic packing

2

222

2

1
a

lkh
d

++
=

(a=60Å)



Polymer Structural Physics Lab.

Columnar hexagonal packing
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Oriented Lamellar Patterns
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Density Fluctuation

Fl V
N N

N
( )

( )
=

− < >

< >

2

Fl V I s
V

s dsVr( ) ( ) ( ( ))= ∑∫
1 1

0

2

ρ
Ruland (1975)

Fl I( ) ( )∞ =
1 0

0ρ

Fl T T( )∞ = ρκ β



Polymer Structural Physics Lab.

Optimization of Collection Time (Error Analysis)
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t, μ : Thickness, Linear Absorption Coefficient
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Optimum Sample Thickness (Transmission Geometry)


