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Quick review on the single crystal diffraction

Model of non-spherical atom

Visulize the relationship between non-spherical atomic 
model and the chemical bonding by deformation density 
and partitioning of atom in molecule 

Chemical system
normal covalent bond - organic molecule
M-L bond – coordination compounds
H-bond and intra / inter-molecular interactions 

Outline:
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If centrosymmetric and no anomalous scatter: 
Bh=0;   α=0 orπ

Fh

4
4

if e φ

3
3

if e φ
2

2
if e φ

1
1

if e φα

Ah

Bh

hh

i

j

ri
j

cal
h

jhj

iBA
FiF

eF

ehfF

r
jh

+=

−=

=

=

⋅=

∑ ⋅

αα

σπφ

α

σπ

sincos

)(

)(
2

2

Structure factor (Fh) from a number of atoms ( fi )
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NA : No. of atom types in an asymmetric unit

gj : atom multiplicity
Ri : sym. operator
h : (h, k, l)
xj : (xj, yj, zj)
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Take the advantage of symmetry operators

Structure factor  Fh

f : atomic amplitude
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C atomic sphere (fixed atom at ri)

B =0.0 at 0K
B = 3.5Ǻ2

with thermal vibration T as function of 2sin( )θ
λ
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Atomic amplitude with anomalous scattering

Nuclear thermal parameter: B; 
thermal vibration  T = B (sinθ/λ)2

C

6

f0 for atoms from Z = 1 to 90
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Considering nuclear thermal vibration
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Molecular structure with atomic thermal ellipsoids

10

Relationship between Fhkl & ρuvw
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Crystal scattering general form with continuous ρ(u,v,w)

Corresponds to the 
intensity of h,k,l refln. 

reciprocal space

corresponds to the electron 
density at u,v,w position

direction space
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Fourier Transform
Between Direct Space ρ(x, y, z) and Reciprocal Space F(h, k, l)
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So far we have been modeling the structure as the 
sum of spherical atoms accompanied by their iso-

or aniso thermal ellipsoids.

Can we obtain more information out of 
diffraction data in addition to the structure?

Can we see the bonding effect from 
the single crystal diffraction data?

XRD: h,k,l, I(h,k,l), σ(I)
⇓

h,k,l, F(h,k,l), σ(F)
⇓ FT

ρ (x,y,z)   total electron density at (x,y,z)
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Evidence of the non-sphericity of atom in molecule

Deformation density
Δρ =  ρtotal electron - ρspherical atom

Laplacian of total electron density

ρtotal electron  obtained from XRD and MO calculation

2222222 /)(/)(/)()( zryrxrr ∂∂+∂∂+∂∂=∇ ρρρρ

14

Deformation density, Δρ
ρtotal electron - ρspherical atom

MO4 C4O4

EXP: single crystal XRD

Theory: HF; DFT

contour interval
+ 0.1 eÅ-3

- 0.1 eÅ-3
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Models for non spherical atom

Hirshfeld’s model   
Σ R(r)cosnθk Isr. J. Chem 16, 226 (1977)

Multipole model (Hansen & Coppens)

Σ R(r)Ylm(θ,φ)                   AC A34, 909 (1978)
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( ) ( ) ( ) ( ) ( )φθκκκρκρρ ,''
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l

l
valencevcorecat dPrRrPrPr

Pc : population coefficient of core electron density  

Pv : population coefficient of valence electron 
first two terms are spherical part of electron density of an atom

κ : scaling parameter expansion or contraction of the valance shell 

Rl(κ’r) : radial function (1) nodeless (2) κ’ scaling parameter 

( )φθ ,±lmd : angular part (1) real spherical harmonic (2)  ±lmP

third term is the part of non spherical part of electron density

Multipole Model
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Multipole Term--Angular Part 

spherical harmonic function
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φθϕθ mPNy m
llmlm cos)(cos),( =+

0 ≦ m ≦ l

φθϕθ mPNy m
llmlm sin)(cos),( =−

0 ≦ m ≦ l

Atomic wave function normalization 1
2

=Ω∫ ±
dy

lm

Ω : volume element in θ-φ space

∫ >=Ω±   l ddlm 0for    2||
∫ ==Ω±   l ddlm 0for    1|| ±= lmlmlmp dDy

For charge density function, the nonshperical functions (l > 0) 
represent a shift of density between regions of opposite signs. They 
have both positive and negative lobes which integrate to be equal but 
are with opposite number of electrons. 

φθϕθ mPNd m
llmlm cos)(cos),( '=+

φθϕθ mPNd m
llmlm sin)(cos),( '=−
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l symbol Angular Function 
0 00 1 
1 11+ x 
 11- y 
 10 z 
2 20 3z2-1 
 21+ xz 
 21- yz 
 22+ (x2-y2)/2 
 22- xy 
3 30 5z3-3z 
 31+ x[5z2-1] 
 31- y[5z2-1] 
 32+ (x2-y2)z 
 32- 2xyz 
 33+ x3-3xy2 
 33- -y3+3x2y 

l=1, 2, 3, 4 as dipole, quadrupole, octapole and hexadecapole term

20

11+

11-

110

20

21+

21-

22+

22-

30

31+

31-

32+

32-

33-

33+
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40 41+ 41-

42+ 42-
43+

43- 44+ 44-

22

Multipole Term--Radial Part

Hydrogen 2s and 2p Slater-type orbital 
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Slater-type radial functions :( rl ) * (polynomial r n-l-1 )

Number of nodes :  n-l-1

The radial node is omitted in density function description. 
Thus, defined as 
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κ’: the expansion –contraction parameters of the deformation functions

rmax= nl /κ’ ζ
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κ’=1, 
ζ=3.176/0.529

dipole

quadrupole

octapole

hexadecapole
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 Dipole Quadrupole Octupole Hexadecapole
l 1 2 3 4 

1st-row atoms 2 2 3 4 
2nd-row atoms 4 4 6 8 

Recommended  nl value

26

Scattering Factors of Aspherical Atom
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Atomic scattering factors as fcore and fvalence

C Fe2+

28
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Summary

κ : expansion-contraction in monopole density
κ’: expansion –contraction in dipole, quadrupole, octapole

and hexadecapole density 



15

29

Visulize the relationship between 
non-spherical atomic model 

and 
the chemical bonding

by
deformation density 

and 
partitioning of atom in molecule 

Chemical system
normal covalent bond - organic molecule

M-L bond – coordination compounds
H-bond – intra or inter-molecular 

interactions 

30

conv (without H) monopole (lmax = 0) dipole (lmax = 1)

quadrupole (lmax = 2) octapole (lmax = 3) residual

Δρdef = ρmul - ρsph ∑ ∑
= =

±±=
max

0 0

3 ),()'('
l

l

l

m
lmlml dPrR φθκκ contours 0.1 eǺ-3
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conv mono dipo

octa hexaquad

Deformation Density,  Δρdef

32

Spherical model Multipolar model

Residual Density 
from
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Atoms in Molecules (AIM)
Bader et al

total 
electron density ρ

first derivative
∇ρ

Gradient vector field

second derivative
∇2ρ

Laplacian

bond path
∇2ρ<0 local concentration
∇2ρ >0  local depletion

34

Critical Points

⎩
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⎧

≠
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→
ρ

+
ρ

+
ρ

=ρ∇
)int(0

)int(0
spoothersallAtgenerally

atandspocriticalAt
dz
dk

dy
dj

dx
di

critical points are classified according to their rank (ω)
and signature (σ)

(ω, σ)

(3, -3) : nuclear critical point (NCP)

(3, -1) : bond critical point (BCP)

(3, +1) : ring critical point (RCP)

(3, +3) : cage critical point (CCP)



18

35

Deformation Electron Density, Δρ, eÅ-3

Laplacian,∇ 2ρ,eÅ-5

Fermi Hole function
Gradient of Electron Density, ∇ ρ, eÅ-4

Electrostatic Potential, eÅ-1

NBO(Natural Bonding Orbital Analysis)

σ,π and Lone Pair
Fragment charges
d-orbital electron population
Critical point analyses(BCP)
Bond path, Atom domain
Isovalue surface, ∇2ρ=L
Total energy density, Hb ,HÅ-3

Bond order, delocalization
Integrated Charge(AIM)

Total Electron Total Electron 
Density, Density, ρρtt, , ÅÅ

--33
Analyses &
Properties

Methods

Quantum ComputationQuantum Computation
Density Functional 
Theory(DFT)
LDA, B3-LYP
Crystal calculation(PDFT)

∑∑
+

±===

++
l

pm
lmplmp

l

n
ln rYPr

rPP

,00
,

valence
3

valencecorecore

)r /()(R            

)(=r)( κρκρρ

XX--ray Diffractionray Diffraction
Multipole Model

36

• Covalent bond in organic molecule    
• M-L coordinated bond       
• M-L covalent bond
• Electronic configuration of M center 
• H – bond and weak intermolecular 

interaction  

Chemical Bond
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Covalent Bond in Ligand

Oxalic acid, H2C2O4                

Squarate, C4O4
2-

38

Expt. DFT
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40

Deformation density,Δρ

Expt DFT
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Laplacian, ∇2ρ, of C4O4 plane
Expt DFT

42

Bond path (with BCP) and interatomic axes of the C4O4 plane of the Ni complex

Bent bond of C4O4 plane

Expt DFT
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Fermi hole functions from DFT
reference electron (x)

π delocalization 
of C4O4

44

 

Expt DFT

O

Cl O

∇2ρ of ClO2 plane of ClO4
-
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M-L coordinated Bond
4-coord.
Ni(C4N4H2)2 J. Phy. Chem., 100, 2934(1996);   J. Phy. Chem., 102, 3726(1998).

Ni(C4N4H2)(S2C2(CF3)2)

Ni (S2CN(C2H5)2)2 J. Phy. Chem. Solids, 62, 1613-1628(2001).

5-coord.
Fe(NO)(S2CNR2)2

6-coord.
[M(C4O4)(H2O)4] J. Phys. Chem., A103, 156-165(1999)

[CoⅡ(C12H20N8)(H2O)2]·2ClO4 Chem. Eur. J., 8, 1821-1832(2002)

46

Ni

S1

S2

C1
N

C2

C4

C3

C5

Structures

Ni(C4N4H2)2

Ni (S2CN(C2H5)2)2

H1

N1 C1

C3

N3

C2

C4

N4

N2

H2

Ni x

y

F1

F5

F2

F3

F6

F4

C5

C6

C7

C8

S1

S2

N1

N2

N3

N4

C1

C2

C3

C4

Ni

H1

H2

Ni(C4N4H2)(S2C2(CF3)2)
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∇2ρ of Ni(disn)2

Expt

DFT

48

Laplacian Map around Ni

Exp.

DFT

NiN2S2NiN4

Laplacian maps of plane xy around Ni ion, contours are ±2i×10j , i = 1,2,3 and j = 0, 1,2

NiS4
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Ni(disn)2

Experiment Theory

Total electron density, bond path,  atom domain

50

Fe(NO)(S2CNR2)2
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Fe

∇2ρ at Fe-C1-S2 plane

Expt. DFT/UB3LYP

52

Properties of Selected Bond Critical point

a. Angew Chem. Int’l Ed..,2000,39, 3810.
b. R. F. W. Bader, Atoms in Molecules: A Quantum Theory, 1990, Clarendon  

Press, Oxford. 

1st line Multipole refinement  2nd line UB3LYP  

-7.87-49.084.006N-Ob

-.1764.5340.534Fe-Sa

-7.87-37.4293.6640.521/1.182(2)
-10.30-28.8704.4410.859O(1a)-N(1)

-18.6612.3380.869/1.3193
-22.1292.3160.862N(2)-C(1)
-9.5281.3880.745/1.7272(4)
-4.2211.3730.855S(2)-C(1)
-9.5951.3790.758/1.7313(4)
-4.2371.3680.859S(1)-C(1)

-.37026.9611.1390.864/1.6907(4)
-.76523.2591.3400.869FE  -N(1)
-.1424.6250.4961.036/2.2957(1)
-.1833.9130.5251.054FE  -S(2)
-.1344.3710.4791.044/2.3138(1)
-.1723.7560.5081.053FE  -S(1)

Hb
▽2 ρ
(rc)

ρ
(rc)

d1
(Å)

Bond
/Bond Length Net Charge & Fragment Charge

-0.24-0.33-0.22-0.10S2CNEt2

-0.28-0.35-0.22-0.11S2CNEt2

-0.23-0.40-0.25-0.21O1

-0.150.03-0.030.10N1

0.821.060.720.33Fe

Exp.-
AIM

DFT-
AIM

DFT-
Mulliken

DFT-
NBOAtom
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Molecular drawing with 50% probability in thermal ellipsoids at 120 K and choice of local 
Cartesian axis of metal centers. 

[M(C4O4)(H2O)4]; M=Fe, Co, Ni, Zn

54

for the Ni center at the projection of the O1-Ni-O4 plane: (a) experiment; 
(b) HF; (c) DFT. contours of electron density are in steps of 2m10n e Å-3

(m = 1-3; n = -3 to +3). 

Atom domain and total electron density

Expt HF DFT
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∇2ρ of MO4 plane
Fe Co Ni Zn

O1

O1

O3

O3

O4

O4

AIM
Charge (e)

Volume (Å3)

1.09
11.26

1.16
10.44

1.26
10.10

1.67
8.58

56

8.408.418.147.896.886.05Total

2.07(8)2.012.001.84(8)1.51(5)1.10(4)dxy

1.55(9)2.021.981.71(9)1.22(6)1.23(4)dyz

1.78(9)2.012.012.02(9)2.06(6)1.43(5)dxz

1.64(8)1.151.061.33(8) 1.11(5)1.20(4)dx2-y2

1.36(7)1.221.090.95(7)0.98(4)1.09(3)dz2

ZnNi
DFT

Ni
HFNiCoFeM

d-Orbital Populations of M(C4O4)(H2O)4
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Fermi hole functions from DFT

reference electron (x)

σ bond Ow

Osq

58

Molecular Structure of 
[CoⅡ(C12H20N8)(H2O)2]·2ClO4
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Total electron density, bond path, atom domain

Expt DFT

NN

Me Me

N N

MeMe

HN

HN

NH

NH

M

2+

60

Gradient vector field of [CoⅡ(C12H20N8)(H2O)2]·2ClO4

Expt DFT 

NN

Me Me

N N

MeMe

HN

HN

NH

NH

M

2+
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Fermi hole functions from DFT

σ bond

62

Topological Properties Associated with Bond Critical Points of M-L bond. 
1st line: from experiment; 2nd line: from DFT

-0.144.520.501.04

-0.183.900.521.052.2963(1)
Fe(NO)(S2CNEt2)2

-0.305.100.730.96

-0.217.100.730.972.1025(2)
Ni (C4N4H2)⋅(S2C2(CF3)2)

-0.204.620.571.00

-0.115.820.571.052.2011(7)
Ni(S2CNEt2)2

-0.124.960.511.01

-0.094.620.491.072.2689(8)
Co(S2CNMe2)3

M-S

H(rc)
(HatreeÅ-3)

∇2ρ(rc)
(eÅ-5)

ρ(rc)
(eÅ-3)

d1
(Å)

BL
(Å)compoundbond
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H(rc)
(HatreeÅ-3)

∇2ρ(rc)
(eÅ-5)

ρ(rc)
(eÅ-3)

d1
(Å)

BL
(Å)compoundbond

-0.024.140.131.08

0.004.130.281.142.2854(9)
Co[(C12H20N8)⋅(H2O)2]⋅2ClO4

7.090.401.052.1076(4)Fe(C4O4)(H2O)4

7.360.461.032.0767(4)Co(C4O4)(H2O)4

8.940.380.98

8.070.471.022.0381(7)
Ni(C4O4)(H2O)4

M-O

-0.119.800.700.97

11.690.720.991.967(2)
Cr(bpb)N

-0.0518.170.510.87

-0.2611.980.780.931.9026(7)
Co[(C12H20N8)⋅(H2O)2]⋅2ClO4

-0.1914.380.770.90

-0.1912.180.820.931.8693(7)
Ni (C4N4H2)⋅(S2C2(CF3)2)

20.410.780.86

12.280.940.911.8325(7)
Ni(C4N4H2)2

M-N

Topological Properties Associated with Bond Critical Points of M-L bond

64

Cr≡Ccarbyne

Molecular structure of four Cr-L multiple bond complexes

Cr≡Nimido

Cr≡Nnitrido Cr≡Ooxo
J. Phys. Chem. A, 2000, 104(42), 9566-9572
J. Phys. Chem., 1995, 99(38), 13899-13908
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Fermi hole density with the reference electron (•) placed at 0.5 au 
away (a) and above (b) the Nnitrido atom. The countours are in 
atomic unit with –2i × 10j (i = 0, 1, 2, 3; j = -3, -2, -1)

Ni N

d-p σ

Ni N

d-p π

Fermi Hole Distribution

66
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Topological properties at the BCP of the M−L multiple bonds
1st line from experiment, 2nd line from theory.

-1.74125.482.020.9141.732W−Ooxo

-1.93621.072.150.9321.755Mo−Ooxo

2.65-1.23923.541.830.8151.582Cr−Ooxo

-0.765
-0.370

23.26
26.96

1.34
1.14

0.869
0.864

1.691Fe-Nnitrosyl

2.44-0.82323.921.480.8471.630Cr−Nimido

-2.28614.452.270.9341.727W−Nnitrido

-2.55710.142.490.9591.728Mo−Nnitrido

2.72-1.728
26.94
13.54

1.87
2.06

0.846
0.842

1.555Cr−Nnitrido

75.0-0.2727.460.771.0652.088W−Ccarbene

48.5-0.162
9.41
9.02

0.68
0.67

0.998
0.973

1.999Cr−Ccarbene

155.0-0.69910.441.221.0151.843W−Ccarbyne

115.22.44-0.618
15.82
13.88

0.86
1.23

0.895
0.896

1.725Cr−Ccarbyne

BDE(kcal/mole)B.O.H(rc)∇2ρ(rc)(eÅ-5)ρ(rc)(eÅ-3)d1(Å)B. L.(Å)Bond

68

Electronic configuration of M

Fe2+  3d6

HS        t2g
4 eg

2

LS        t2g
6 eg

0

J. Am. Chem. Soc., 2000, 122(24), 5742-5747

A’

B’ LS-1

HS-1

695 700 705 710 715 720 725 730 735
Photon energy, eV

LII,III-absorption edge of Fe(Phen)2(NCS)2
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HS

LS

LIII

LII

HS-1,  298K

HS-1,  multiplet calculated 
with charge transfer

HS-1,  multiplet calculated 
without charge transfer

LS-1,  15K

LS-1,  multiplet calculated 
with charge transfer

LS-1,  multiplet calculated 
without charge transfer

695 700 705 710 720715 725 730 735

Photon Energy  (eV)

A
rb

itr
ar

y 
Sc

al
e

Multiplet Calculation

HS：10Dq = 0.91eV

LS：10Dq = 2.13eV

Experimental and Calculated 
LII,III-absorption edge of 
Fe(phen)2(NCS)2 on 298K, 15K
JACS 2000, 122,5742-7

70

blue  negative;  red positive, 
contours are (-1)l2m10n (l=1,0; m=1～3; n=-4～5) eÅ-5. 

Fe (LS)

(HS)

∇ 2ρ from Expt.    

Fe’-N1’-N2’ Fe’-N1’-N3’ Fe’-N2’-N3’

Fe-N1-N2 Fe-N1-N3 Fe-N2-N3

Fe(abpt)2(NCS)2
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∇ 2ρ Expt. Theory

LS

HS

72

(a)                                            (b)              

(d)                                            (e)              

Fermi hole function along Fe-N bond

HS

LS

Reference spin N

Fe

N

Fe
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L=-100 eÅ-5

LS HS

Iso-value surface of Laplacian around Fe

74

d orbital populations of Fe

DFT6.341.931.881.760.370.40

DFT

Expt

Expt

6.091.861.051.031.061.09
6.701.271.511.301.361.27Fe’

(HS)

6.751.801.881.730.720.60Fe
(LS)

totaldx2-y2(t2g)dyz(t2g)dxz(t2g)dxy(eg)dz2(eg)

x

y
z

N2

N1

DFT

Expt.

DFT

Expt.

8.757.02

9.797.79
Volume (Ǻ3)

1.401.30

1.181.05Charge (e)    

Fe‘(HS)Fe(LS)

AIM charge and  volume of Fe
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S7NH0.00
0.01

0.04
0.06

0.53
0.90

0.08
0.103.506S1…H1

2.880

[H2N(CH3)2][H(HC4O4)2]0.0100.0390.7010.0543.183O4…H3
2.764

Mn(HC4O4)2(H2O)4-0.0890.2221.8980.3402.744O2…H3
1.794

Mn(HC4O4)2(H2O)4-0.1300.2481.6830.3932.696O4…H6
1.757

Mn(HC4O4)2(H2O)4-1.7740.020-25.0501.6462.462O3…H2
1.232

Mn(HC4O4)2(H2O)4-1.3760.262-15.9211.4342.451O2…H1
1.226

[H2N(CH3)2][H(HC4O4)2]-1.0660.487-8.2671.1902.432O2…H6
1.219

CompoundHbGb∇2ρcρcO…O
Bond/

BP

Hydrogen Bonds

76

Symmetrical hydrogen bonds O2…H1…O2

Mn(HC4O4)2(H2O)4

Δρ ∇2ρ Iso-value surface 
of ∇2ρ

ρc: 1.434
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Symmetrical hydrogen bonds O3…H2…O3

Mn(HC4O4)2(H2O)4

Δρ ∇2ρ
Iso-value surface 

of ∇2ρ

ρc: 1.646

78

[H2N(CH3)2][H(HC4O4)2]

O1…H5…O3 O2…H6…O6

Iso-value surface of ∇2ρ
ρc: 0.486 ρc: 1.190

J. Phys. Chem., 1994, Vol.98, No. 45, 11685-11693
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Thiourea-S,S-dioxide   

Inter-molecular Interaction

H-bond

Chem. Eur. J., 2003, 9, 3112-3121

C---S; N---O interaction

80

N-H1···O

dimer(DFT) crystal(PDFT)

expt(XD) PDFT/XD

2.837Å
176.6
ρc: 0.178
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N-H2···O

Dimer(DFT) Crystal(PDFT)

Expt(XD) PDFT/XD

2.826Å
158.4°

ρc: 0.146

82

Weak intermolecular interactions 
C ··· S’ interaction

DFTExpt
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Net atomic AIM charge and molecular 
dipole moment (Debye)

16.315.514.614.212.6Dipole moment

0.750.720.580.550.46-C(NH2)2

-0.75-0.72-0.58-0.55-0.46-SO2

0.7070.6020.5380.5500.500H2

0.6710.6110.5220.5020.410H1

0.8930.7901.2771.2211.214C

-1.452-1.246-1.407-1.386-1.287N

-1.255-1.339-1.362-1.347-1.313O

1.7591.9552.1452.1412.164S

Expt/
KRMM

PDFT/
XD

PDFTHeptamerMonomerAtom

84

S7NH

monomer(DFT) Crystal(PDFT)

PDFT/XD Expt(XD)

ρc: 0.08

J. Phys. Chem. Solids, 2004, 65, 1957-1966



43

85

S7NH

monomer(DFT) Crystal(PDFT)

Expt(XD)PDFT/XD

86

S7NH

monomer(DFT) Crystal(PDFT)

PDFT/XD Expt(XD)
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Secondary Interaction

CompoundHbGb∇2ρcρcBond/BP

Thiourea S,S-dioxide
0.01
0.01

0.04
0.03

0.77
0.65

0.06
0.05

S…C

S7NH
0.01
0.01

0.04
0.03

0.67
0.53

0.06
0.04

S4…S3

Thiourea S,S-dioxide
0.005
0.004

0.01
0.02

0.26
0.27

0.02
0.02

O…N

S7NH
0.01
0.01

0.03
0.04

0.36
0.61

0.06
0.05

S2…S3

S7NH
0.01
0.00

0.04
0.04

0.64
0.61

0.07
0.06

N…S4
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SummarySummary
Accurate diffraction data in company with DFT calculations can be used 
as an effective tool for chemical bond characterization.
Non spherical electron density can be visualized via deformation density 
maps.
Bond characterization can be classified by the magnitude of ρ(rc), H(rc) 
and Fermi hole function.
M-L coordinated bond is dative but with certain extent of covalency. 
Bond strength is such that M-Nimine> M-S > M-O.
M-L multiple bond is covalent, the bond strength is much bigger than 
that of M-L coordinated bond.

●

●

●

●

●

VSCC can be demonstrated by the isovalue surface of ∇2ρ,
its quantitative description can be achieved by atomic graph.
A range of H-bond is illustrated
Weak intermolecular interactions are depicted.

●

●




